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A general first-order formulation of the continuous sensitivity equations is introduced that improves the accuracy

of the sensitivity boundary conditions. In the continuous sensitivitymethod, design or shape parameter gradients are

computed from a continuous system of partial differential equations instead of the discretized system, which avoids

the problematic mesh sensitivity calculations of discrete methods for shape variation problems. The first-order

formulation for both the underlying elasticity and sensitivity equations is amenable to solution by a high-order

polynomial least-squares finite element model. The continuous sensitivity boundary-value problem, which can be

posed in local or total derivative form, is generally simpler in local sensitivity form for shape variation problems.

Although the local form is not unique and total material sensitivities are generally desired for structural elasticity

problems, the local sensitivity solution is easily transformed to amaterial derivative. The first-order formulation and

the transformation to material derivatives are demonstrated for two elasticity example problems. The least-squares

continuous sensitivity solutions are presented and compared with analytic sensitivities and finite difference results

and should prove convenient validation benchmarks for other continuous sensitivity applications.

I. Introduction

D ESIGN sensitivity methods can be grouped into numerical
approximate methods (e.g., finite difference) and analytic and

semianalytic methods. Analytic and semianalytic methods can be
further classified as either discrete or continuous, the difference
depending on the order of the discretization and differentiation steps
[1,2]. Themost common approach is to discretize the systemfirst and
then calculate sensitivities by either direct or adjoint methods. For
shape sensitivity problems, the boundary and domain of the problem
vary with the design parameters, and the mesh sensitivity must be
calculated in the discrete approach. In the continuous sensitivity
method, also known as variational shape design [1], the continuum
sensitivity method [3], and the variational sensitivity method [4], the
design parameter gradients are calculated by solving the continuous
sensitivity equations (CSEs), typically a system of partial differential
equations [5]. Since the CSE system is posed as a continuous system,
it can efficiently produce shape parameter gradients without
calculating the mesh sensitivity (which often amounts to the
expensive task of inverting a large mesh Jacobian). Furthermore, the
sensitivity system is always a linear system of equations, even when
the original system is nonlinear.

Continuous sensitivitymethodswerefirst introduced for structural
problems [3,6], but few applications to structural problems appear in
the literature. The landmark paper of Borggaard and Burns [7]
introduced the CSE nomenclature in a fluid setting, and several fluid
flow optimization applications followed [5,8–10]. Although there
now exists an extensive body of literature describing and docu-
menting the application of continuous sensitivity methods to fluid
dynamics problems, the applications to nonfluid problems have
largely been limited to one-dimensional scalar problems (e.g., heat
flow) and one-dimensional beam problems [10]. Bhaskaran and
Berkooz [8] present a finite-element-method-based continuous
sensitivity solution for a two-dimensional structural elasticity prob-
lem that is also considered in this paper, but much of the useful detail
and validation of the gradient information of the solution was not
included. More recently, Étienne and Pelletier [11] and Étienne et al.
[12,13] have employed sensitivity methods for a range of fluid–
structure interaction problems, but there remains a dearth of
structural elasticity applications that employ continuous sensitivity
methods.

Continuous adjoint sensitivity methods also exist [14,15]. For
problemswithmanydesignvariables, load conditions, and few active
constraints, the adjoint method is generally a more efficient means to
obtain the desired sensitivities than direct sensitivity methods. An
adjoint CSE method is also derived in [16]. Note that the adjoint
sensitivity method can efficiently deliver the objective and constraint
function sensitivities, but the sensitivity variables are not calculated
as in the direct CSE method.

For shape variation problems, continuous sensitivity systems are
typically posed in terms of local derivatives, although it is possible to
derive the CSE system in total derivative form (Lagrangian
description [17]). The local sensitivity is defined as the component of
the total shape parameter derivative at a particular point in an
Eulerian reference frame. The total sensitivity consists of the local
derivative at a point in Eulerian space plus the transport effect of the
shape variation as a material point moves as a function of the shape
parameter. TheCSEs are generally simpler to pose and solve in local-
derivative form than in the total derivative form. For example, the
total derivative form of the stress sensitivity derived in [3] requires an
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additional initial strain field for the sensitivity problem that is not part
of the original elasticity problem. The local form for the stress
sensitivity, also presented in [3], is more convenient; however, it
depends on a domain transformation function that is not unique.
Furthermore, for structural optimization problems, the design
sensitivity at amaterial point is usually required, which necessitates a
means to convert the local sensitivities from the CSE solution to total
sensitivities at a given material point. Although the local sensitivity
solution is not unique for shape variation problems, the total
sensitivity obtained by converting the local derivative to the total
derivative at a material point is unique.

The solutions described next employ the least-squares finite
element model (LSFEM) for both the CSE problem and the original
structural problem from which the CSE boundary conditions are
derived. The choice of LSFEM is partially motivated by the fact that
boundary gradients are used to establish boundary conditions for the
CSE system, and first-order (mixed) formulations tend to produce
better solution gradients for secondary (stress) responses than the
traditional weak-form Galerkin approach [18]. Previous CSE
applications [5,7,9–13] highlight the loss of accuracy for second-
order boundary derivatives that arise from theNeumann-type bound-
ary conditions of the original problem. In a first-order formulation of
the underlying problem, however, only first-order boundary gradi-
ents appear in the sensitivity boundary conditions. Afirst-order least-
squares (LS) formulation is also attractive for structural problems
with mixed boundary conditions (e.g., both displacement and stress
boundary conditions), because the element formulation is inherently
mixed butwithout the usual stability problems associatedwithmixed
Galerkin finite element models.

This paper begins with a general derivation of the first-order
continuous sensitivity system and its associated boundary condi-
tions. This is followed by a brief description of the LSFEM
computational approach used to solve both the elasticity system and
the CSE system. A one-dimensional bar example is used to illustrate
the nonuniqueness of the local sensitivity form and the conversion
from the local CSE solution to a total, material derivative. A classic
elasticity problem of an unstressed hole in a plate is then introduced,
solved, and compared with both a finite difference solution and a
closed-form analytic solution. The objective is to provide sufficient
detail in the derivation and results of the example problem so that the
problem can serve as a verification benchmark for structural sensi-
tivity analysis. The CSE design gradients are then employed in an
optimization example.

II. Continuous Sensitivity Equations

A first-order formulation of the CSEs can reduce the loss of
accuracy associated with Neumann-type boundary conditions, iden-
tified in [5,7,9–13]. In a first-order (mixed) formulation, derivatives
of the solution on traditional Neumann boundaries are available as
primal variables and can be enforced in the same manner as the
Dirichlet boundary conditions. Thus, only first-order gradients are
needed for the sensitivity boundary conditions when the original and
sensitivity problems are posed in first-order form. First-order forms
for elasticity have proven problematic for traditional FEM elasticity
formulations [19–21] due to the min–max nature of the formulation
and the requirement to satisfy the Ladyzhenskaya–Babuška–Brezzi
(LBB) condition [22]. This can be avoided by using a LSFEM
formulation [23] and is considered in Sec. IV.

Consider a general, nonlinear boundary-value system defined in a
domain � with a boundary � for which we seek a solution u of the
equations

A �u�u� f in � (1)

B �u�u� g on � (2)

whereA�u� is a first-order time-space nonlinear differential operator
defined by

A � At

@

@t
�
Xdim
i�1

Ai

@

@xi
�A0 (3)

and where At, Ai, and A0 are the component matrices and u�
fu1; u2; . . . ; ungT . The system is nonlinear if the operator,A orB, is a
function of the solution u. The boundary operator B�u� is similarly
defined:

B � Bt

@

@t
�
Xdim�1
i�1

Bi

@

@�i
� B0 (4)

In Eq. (4), �i denotes the coordinates that parameterize the boundary,
which are naturally at least one dimension less than the domain
dimension.

In the CSEmethod, the sensitivity ofu to a design parameter is the
solution to the sensitivity equations obtained by differentiating the
system in Eqs. (1) and (2) with respect the design parameter. Thus,
differentiating Eq. (1) with respect to a design parameter b,

@
@b
�A0�u; b�u�Ai�u; b�u;i �At�u; b�u;t� � @

@b
�f�x; b�� (5)

is used to form the first-order CSEs. Partial differentiation is denoted
by the subscripted comma notation in Eq. (5) that, in component
form, is

@
@b
�a�0�ij �u; b�uj � a

�k�
ij �u; b�uj;k � a

�t�
ij �u; b�uj;t� � @

@b
�fi�x; b��

(6)

where the parenthetical superscript is used to denote the operator
and the index k ranges from one up to the domain dimension.
Equation (6) expands as�

@a�0�ij
@b
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@a�0�ij
@um

@um
@b

uj � a�0�ij
@uj
@b

�

�
�
@a�k�ij
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uj;k � a�k�ij
@uj;k
@b
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@a�t�ij
@um

@um
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uj;t � a�t�ij
@uj;t
@b
� @

@b
fi�x; b� (7)

Since the spatial-temporal derivatives are independent operations
from the sensitivity derivative, the order of differentiation may be
reversed.Note that this commutation of differentiation is not possible
if the sensitivity derivative in Eq. (5) is not a local derivative [1]. The
@um=@b terms are referred to as the sensitivity variables; they
represent how the solution changes with respect to a design
parameter. Collecting the sensitivity variables in Eq. (7) then yields
the continuous sensitivity system:�

a�0�im �
@a�0�ij
@um

uj �
@a�k�ij
@um

uj;k �
@a�t�ij
@um

uj;t

�
@um
@b

� �a�k�im �
@um;k
@b
� �a�t�im�

@um;t
@b

� @

@b
fi�x; b� �

�
uj
@a�0�ij
@b
� uj;k

@a�k�ij
@b
� uj;t

@a�t�ij
@b

�
(8)

Defining the components of the bA0 sensitivity matrix by

ba�0�ij � a
�0�
ij �

@a�0�il
@uj

ul �
@a�k�il
@uj

ul;k �
@a�t�il
@uj

ul;t (9)

yields the first-order matrix differential-operator form of the
sensitivity equations:

�bA0��bu� � �Ai��bu�;i � �At��bu�;t
� f;b�x; b� � �A0;bu�Ai;bu;i �At;bu;t� (10)

where bu � u;b is used to denote the sensitivity variable. In the
examples that follow, the superscript prefix notation bu, representing
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the solution to the CSEs, will be treated as distinct from the analytic
sensitivity. The analytic sensitivity, denoted by u;b next, is the
sensitivity determined by taking the derivative of an analytic solution
u of the system in Eqs. (1) and (2) with respect to the design
parameter b.

The bA0 sensitivity matrix, defined in component form by Eq. (9),
may also be expressed in matrix form as

bA0 �A0 �A0;u1
�fugf0g 	 	 	 f0g� �A0;u2

�f0gfug 	 	 	 f0g�
�A0;un

�f0g . . . 	 	 	 f0gfug� � 	 	 	 �A1;u1
�fu;x1gf0g 	 	 	 f0g�

�A1;u2
�f0gfu;x1g 	 	 	 f0g� �A1;un

�f0g 	 	 	 f0gfu;x1g� � 	 	 	
�At;u1

�fu;tgf0g 	 	 	 f0g� �At;u2
�f0gfu;tg 	 	 	 f0g�

�At;un �f0g 	 	 	 f0gfu;tg� (11)

or more compactly as

bA0 �A0 �
@A0

@ui
�ui�ji� �

@Ak

@ui
�ui;k�ji� �

@At

@ui
�ui;t�ji� (12)

Note that the gradient operators, Ai in Eq. (3), are unchanged for
the CSE system [Eq. (10)]. Furthermore, for linear systems, the
sensitivity matrix bA0 �A0. Equation (8) includes both the explicit
dependence of the system solution on b (e.g., as with sizing or shape
sensitivity), as well as the implicit nonlinear dependence of the
system solution on b (e.g., as in shape optimization). Additionally, in
shape sensitivity problems, where b represents a boundary shape
parameter, the system operators typically have no explicit depend-
ence on b, and the bracketed terms on the right-hand side of Eq. (10)
(e.g., Ai;b) vanish. Thus, for linear, shape variation problems, the
component CSE operators are identical to the original system
operators, and the CSEs and original systems are the same except for
the boundary conditions.

The continuous sensitivity system in Eq. (10) is always linear in
the sensitivity variableu;b. The conclusion that only the bA0 operator
changes from the original system for a nonlinear system is due to the
first-order form and the result that the original system is only
nonlinear in u. When the original parent system is written in first-
order form, the nonlinear terms can always be factored asA�u�u, so
that the nonlinearities appear explicitly in vector u.

The CSE boundary operator system can be derived from Eq. (2) in
the same manner. Thus,�

B0 �
@B0

@ui
�fuig�ji� �

@B�

@ui
�fui;�g�ji�

�
bu�B�

bu;�

� g;b�x; b� � �B0;bu� B�;bu;�� on � (13)

Both Eqs. (10) and (13) were derived using local derivatives.
Equation (13) is valid for nonshape problems and for shape problems
in which a particular boundary is not a function of the shape
parameter. For shape variation problems that also change the
boundary location, the material pointsX that define the boundary �
(Lagrangian description) are a function of the design parameter b.
Thus, evaluation of Eq. (13), which is derived in terms of the Eulerian
points x, must account for the total variation of the boundary. The
local and total (material) derivatives are related by

D b�u� �
Du

Db

����
X

� @u
@b

����
x

�ru 	 @X�

@b

����
X

(14)

where Db�	� is the material derivative operator with respect to the
parameter b. Note that the gradient operation and dot product in the
transport term are carried out componentwise. Thus, the total
derivative of u with respect to b at a material pointX consists of the
local derivative of u with respect to parameter b and the convective
transport term,which accounts for how thematerial pointXmoves as
the design parameter b varies. Solving Eq. (14) for the local
derivative gives the desired sensitivity variable boundary condition
for the CSE system in local-derivative form:

buj� �
@u

@b

����
X��
�Du

Db

����
�

�ru 	
@X��b�

@b
(15)

where in two dimensions

X ��b� � f�x; y� 2 ��b�g (16)

are coordinates (ordered pairs in R2) that define the boundary as a
function of b. The first term on the right side of Eq. (15) accounts for
how the boundary conditions for the problem change with respect to
the design parameter. In most cases, this term is zero. That is, the
boundary condition often does not change as the shape changes. The
convection term is the dot product of the derivative of the set of spatial
coordinates that define the boundary with the gradient of the solution
toEq. (1),where for vectors, the gradient operation is carried out row-
wise. In the examples considered next, the gradient in the convection
term is calculated by taking derivatives of the finite element
approximation shape functions.

Compare the form in Eq. (15) to the classic continuum stress
sensitivity expression derived by Dems and Haftka [3] (valid both on
the boundary and throughout the domain),

b�ijnj �
DTi
Db
� �ij;knj

@�k
@b
� �ij�njnl � �jl�nk

�
@�k
@b

�
;l

(17)

where Ti are the components of the surface traction vector, ni are the
components of the unit normal vector, � is the Kronecker delta
function, and � is the transformation field that maps material
coordinates of the domain as a function of the design parameter. We
now show that Eq. (17) is equivalent to Eq. (15) when u�
f �n �� gT , and the former is expressed in coordinates normal and
tangential to the boundary surface. The stress vector is [22,24]�

�n
��

�
� ���T 	 fn̂g � T�n̂� �

�
Tn
Ts

�
(18)

where �n and �� are the normal and shear components of the stress
vector. At any point in the normal-tangential coordinate reference
frame on the boundary, we have n1 � 1 and n2 � 0. For the normal
stress component, �n � �11n1 and �n1nl � �1l� � 0, so that the final
term in Eq. (17) vanishes when it is also expressed in the normal-
tangential coordinate reference frame. Similarly, for the tangential
shear stress component, �� � �21n1 and �n1nl � �1l� � 0, so that the
final term in Eq. (17) again vanishes. Thus, the evaluation of Eq. (17)
in the normal-tangential coordinate system yields(

b�n
b��

)
�
(
b�11
b�21

)
� D

Db

(
T1

T2

)

�
(
�11;1n1 	 �1;b � �11;2n1 	 �2;b
�21;1n1 	 �1;b � �21;2n1 	 �2;b

)
��b�

� DT�n̂�

Db
� r

�
�n

��

�
	X;b (19)

Not surprisingly, the stress tensor sensitivity is simplified by
expressing it in a normal-tangential coordinate system, which
permits a vector expression and the use of Eq. (15). Furthermore,
Eq. (15) is valid for any vector field quantity; our primary interest for
elasticity applications will be deformation and stress. Note that, in
both Eqs. (15) and (17), the choice of boundary parameterization
X��b� or transformation function �, respectively, is not unique. Thus,
the solution to the local-derivative form of the CSEs is also not
unique. This is demonstrated in a straightforward example in the next
section.

III. Nonuniqueness of Local Derivatives

The CSE system [Eqs. (10) and (13)] was derived and posed in
terms of local derivatives. For shape variation problems, the local-
derivative sensitivity boundary conditions depend on the boundary
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parameterization or domain transformation function and are not
unique. This is demonstrated in an example. Consider the one-
dimensional elastic structure (bar) depicted in Fig. 1. The first-order
field equations governing the stress and displacement are

�A�x�;x � fx � 0 (20)

Eu;x � �x � 0 (21)

where u is the axial displacement, �x is the axial stress,A is the cross-
sectional area of the bar, fx is the applied axial force, and E is
Young’smodulus. Equations (20) and (21)may be directly integrated
to yield the analytic stress and displacement solutions that, for
constant a cross-sectional area, yield

�x�x;L� �
x2

2A
� Lx
A
� L

2

2A
� P
A

(22)

u�x;L� � x3

6EA
� Lx

2

2EA
� L2x

2EA
� Px
EA

(23)

Taking bar length as a shape parameter,wewill explore two natural
parameterizations of the bar to demonstrate the nonuniqueness of the
local CSE solution. In the first depicted, in Fig. 2, the domain is
parameterized byL so thatmaterial points at the tip of the barmove to
the right in Eulerian space as the beam length increases. In the second
parameterization, material points at the base of the bar move to the
left in Eulerian space, while the tip of the bar remains fixed in space.
Since this is a linear system, the bar-length CSEs are identical to the
elasticity field equations (20) and (21), except that the sensitivity
variables replace the stress and displacement variables, and the body
force is replaced by the body force sensitivity. Thus, for a constant
cross-sectional area, the CSE system is

L�x;x � 1
A
Lfx � 0 (24)

Lu;x � 1
E
L�x � 0 (25)

Although theCSEs have the same form as thefield equations (20) and
(21), the sensitivity boundary conditions depend on the boundary
parameterization through Eq. (15). The sensitivity boundary data,

body force, and local CSE solutions for this example are summarized
in Table 1. The local CSE solution is obtained by integrating
Eqs. (24) and (25) with the boundary data in Table 1. The results for
both domain parameterizations are plotted in Fig. 3.

The local sensitivities are converted to total sensitivities by
Eq. (14) using the appropriate domain sensitivity expression from
Table 1. Thus, for the first parameterization, the total derivative
displacement sensitivity is

DL�u��1
� Lu�ru 	X�;L

� Lx
AE
� x2

2AE
�
�
x2

2EA
� Lx
AE
� L2

2EA

�
�x� (26)

where ru is easily obtained from Eq. (23). For the second
parameterization, the total displacement sensitivity is

D Lu�x��2
� L2

2EA
�
�
x2

2EA
� Lx
AE
� L2

2EA

�
�x � 1� � DLu�x��1

(27)

which matches the total derivative sensitivity for the first param-
eterization. As implied by the dependence on the nonunique
boundary parameterization in Eq. (15) and, equivalently, the free
choice of the transformation field in Eq. (17), local sensitivities are
not unique. However, the total derivatives, which are given at
material coordinates, are unique. Structural optimization problems
typically require the design sensitivity at a material point. Thus,
optimization for structures should usually be based on gradients
determined from total derivatives. The CSE problem is generally
simpler to pose and solve in terms of local sensitivities due to the
commutative property of local derivatives, as observed in Sec. II.
Equation (14), however, gives a straightforward means to convert
the local-derivative CSE solution to the total sensitivities for
optimization.

The total derivative stress sensitivity for the bar example is
obtained in the same manner as displacement.

D L��x��1
� L� �r� 	X�;L �

L

A
� x
A
�
�
x

A
� L
A

�
�x� (28)

D L��x��2
� 0�

�
x

A
� L
A

�
�x � 1� � DL��x��1

(29)

The local CSE solution and the transport term for the two
parameterizations in Fig. 1 are plotted with the total derivative CSE
solution for stress and displacement in Fig. 3. As expected, the total
derivative sensitivity matches the finite difference sensitivity
solution, sincefinite difference results are, by nature, approximations
to total derivatives. The finite difference solution is calculated by the
first-forward finite difference:

�L�u� �
u�L� �L� � u�L�

�L
(30)

for a step size of �L=L� 10�8.
In this example, the sensitivity equations could be directly

integrated to give an analytic solution to the CSE system. For more

L
x

( )xf x L x=

1 : 0u = 2 : x P A=

P

Fig. 1 Elastic bar example.

[ ]0,1L=X1

[ ]1 0,1L L= +X2

Fig. 2 Two possible domain parameterizations for bar length.

Table 1 Bar CSE boundary data, body force, and local solution

Parameterization �1 �2

Boundary parameterization X�1
� f0g, X�2

� fLg X�1
� f1 � Lg, X�2

� f1g
Domain sensitivity X�;L � � X�;L � � � 1
Boundary data Lu�0� � 0

L�x�L� � �r�x 	X;L ��0 	 1� 0

Lu�0� � �ru 	X;L

�� �L2=2EA���1� � L2=2EA
L�x�L� � 0

Body force sensitivity Lfx � 1 Lfx � 0
Local CSE solution Lu�x� � Lx=AE � x2=2AE

L�x�x� � L=A � x=A
Lu�x� � L2=2EA

L�x�x� � 0
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complex geometries and systems, a numerical solution (e.g., finite
elements) is necessary to solve the sensitivity equations, but the
initial steps are the same. It is usually possible to parameterize the
domain in such a way that the material derivative vanishes on a
boundary, so that the sensitivity boundary conditions are determined
solely by the convection term in Eq. (15). The solution to the original
system is used to generate the first term in the convective part of the
sensitivity boundary conditions in Eq. (15). It is possible to pose the
CSE system in terms of the total derivative (an example for the total
derivative stress tensor sensitivity appears in [3]); however, it is
usually more convenient to solve for the local sensitivity and then
convert it to amaterial derivative through Eq. (14). The reason is that,
although the conversion to the material derivative requires the
transformation function� for the entire domainwhen sensitivities are
desired throughout the domain, it is not required for the solution of
the CSE problem in local form. That is, only the parameterization or
transformation of the boundary is necessary to pose the local CSEs
for a shape variation problem. This not only simplifies the definition
of the CSE problem, but it is alone sufficient if the optimization
problem only requires the shape sensitivity on the boundary.

IV. Least-Squares Finite Element Model

In CSEs for elasticity, a first-order formulation for the elasticity
equations is advantageous for the improved accuracy of the sensi-
tivity boundary conditions. A first-order formulation of the CSEs
eliminates the loss of accuracy associated with approximations for
the higher-order gradients of the boundary solution, since only first-
order gradients are needed for the sensitivity boundary conditions.
However, a first-order formulation produces mixed elements, which
have proven problematic for traditional FEM elasticity formulations
without specially designed elements [19–21]. A LSFEM avoids the
problem of satisfying the LBB condition [23] for mixed elements,
because the LS functional is convex and is a natural choice for the
solution of a first-order elasticity formulation.

The LSFEM model is based on the idea of minimization of the
norm of the residual (or error) in the governing differential equations
due to the approximation of the variables in the equations. The
weighted sum of the squares of the system residuals defines the LS
functional

J�u; f;g� � kAu � fk2� � ��kBu � gk2� (31)

where �� is a weighting parameter for the residual error in the
boundary condition relative to the residual of the governing
differential equation (both expressed in terms of the L2 norm).
Equation (31) represents a weak enforcement (i.e., integral sense) of
the boundary conditions. The boundary conditions could alter-
natively be imposed directly on the boundary degrees of freedom
(strong enforcement of the boundary conditions). A necessary

condition for u to minimize Eq. (31) is that the first variation in
Eq. (31) vanishes atu. This yields an equivalent bilinear–linear inner
product form [24] for the boundary-value system in Eqs. (1) and (2):

B�u; v� � l�f; v� 8 v 2 V (32)

where the bilinear–linear inner product form for the domain is

B��u; v� � �Au;Av�; l��f; v� � �f;Av� (33)

and the bilinear–linear inner product form for the boundary is

B��u; v� � �Bu;Bv�; l��g; v� � �g;Bv� (34)

The domain will be partitioned into finite elements and, in each
element, we approximate the solution u by

u 
 ueh �
Xnedof
j�1

 j� u1; . . . ; unnodes ; a1; . . . ; ana ; b1; . . . ; bna �T

(35)

where  j are the higher-order hierarchal shape functions [25]. For
the p-element solutions presented next, we employ Szabo and
Babuška’s quadrilateral shape function expansion basis [26], a
serendipity expansion built of kernel functions constructed from
Legendre polynomials. The element degrees of freedom, nedof�
nnodes � na � nb, consist of the element nodal values, u1; . . . ;
unnodes , the edge coefficients, a1; . . . ; ana , and the interior (bubble)
mode coefficients, b1; . . . ; bna .

Substituting Eq. (35) into Eqs. (33) and (34) yields nedof algebraic
equations

�Ke � ��Ke
��u� Fe � ��Ge (36)

The element stiffness matrices and equivalent force vectors are
defined by

K e �
Z
�e

�A 1; . . . ;A ne
dof
�T�A 1; . . . ;A ne

dof
� d� (37)

F e �
Z
�e

�A 1; . . . ;A ne
dof
�Tf d� (38)

K e
� �

Z
�e
�B 1; . . . ;B ne

dof
�T�B 1; . . . ;B ne

dof
� d� (39)

G e �
Z
�e
�B 1; . . . ;B ne

dof
�Tg d� (40)

The element stiffness and load vectors are assembled into a global
system of equations, which has the form

�K� ��K��u� F� ��G (41)

For plane elasticity, we adopt a mixed stress-displacement LS
model that employs the minimum number of degrees of freedom
(five) to formulate a first-order approximation for the two-
dimensional elasticity equations. The five degrees of freedom
are the three components of the stress tensor �ij and the two
components of the displacement vector, u and v, so that u�
� u v �xx �yy �xy �T . Note that other definitions for u are
possible. For example, on a boundary, the normal-tangential
coordinate system is preferred to theCartesian system. The two stress
equilibrium equations and the three strain-displacement relations,
after eliminating strain via constitutive equations, constitute the five
governing equations. The first-order system in matrix operator form
can be expressed as

Fig. 3 Bar sensitivity comparison.
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A0u� A1u;x � A2u;y � f (42)

where

A0 �

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

2
66666664

3
77777775
; A1 �

�E
1��2 0 0 0 0

��E
1��2 0 0 0 0

0 �E
2�1��� 0 0 0

0 0 1 0 0

0 0 0 0 1

2
66666664

3
77777775

A2 �

0 ��E
1��2 0 0 0

0 �E
1��2 0 0 0

�E
2�1��� 0 0 0 0

0 0 0 0 1

0 0 0 1 0

2
66666664

3
77777775
; f�

0

0

0

�fx
�fy

2
66666664

3
77777775

(43)

The characteristic polynomial associatedwith Eqs. (42) and (43) is
det�A1�� A2�� � 0. For an elliptic system, all nonzero roots of the
characteristic equation are complex. Since complex roots appear as
pairs of complex conjugates, a system with an odd number of
variables cannot be strictly elliptic. Thus, even though the physics of
elasticity systems are elliptic in nature, the first-order formulation
given by Eq. (43) is not numerically elliptic. However, Eq. (43)
represents the minimum number of degrees of freedom required to
formulate an element approximation for a first-order plane elasticity
formulation. Several numerical results indicate that, although the
system is no longer elliptic for these formulations, the theoretical
elliptic convergence rates may still be achieved when compared with
an elliptic formulation with an equivalent number of degrees of
freedom [27]. Although LSFEM is not theoretically constrained by
the stability problems associatedwith themixedweak-formGalerkin
finite elementmodel [28], a growing consensus is that LSFEMmixed
(stress displacement) formulation for elasticity can still be beset by
problems of slow convergence for low polynomial orders (e.g.,
p < 4) [18,29–31]. This is readily overcome by employing slightly
higher-order polynomial shape functions, which also theoretically
improves the convergence rate on an optimally graded mesh. Mixed
formulations are also attractive compared with strict displacement
formulation elements, since they allow direct access to the stress
variables for application of traction boundary conditions and the
calculation of stress sensitivities.

V. Plate with a Hole

The first-order LS continuous sensitivity method is demonstrated
by two example problems based on the classic plate with a hole
problem (Fig. 4). The first example is an infinite plate with a circular
hole subject to uniaxial tension for which an analytic solution exists
[26]. The analytic elasticity solution permits an analytic sensitivity
solution that is convenient to validate the CSE solution and may
prove useful as a closed-form validation for other plane elasticity
CSE formulations. The second example is a shape optimization
problem for a biaxially loaded finite plate. We first present details of
the LS-CSE solution to an infinite plate forwhich an analytic solution
exists, and then we use the CSE solution to optimize the problem
considered in [8]. The objective of these two examples is to provide
sufficient detail in the derivation and results such that this problem
can serve as a verification benchmark for structural sensitivity
analysis.

Determining the stress concentration for a thin plate with an
unstressed hole is a classic problem in the strength of materials and a
common exercise in FEM analysis. An analytic solution exists for a
circular hole in an infinite plate subject to uniaxial tension [26], and
results for finite plates under biaxial loading with a variety of hole
dimensions are plotted as a function of load and plate/hole dimen-
sions [32,33]. To illustrate the LS continuous sensitivity method, we
consider the shape optimization of an elliptic cutout in a biaxially

loaded plate (Fig. 4). The objective of the optimization is to obtain a
uniform distribution of tangential stress along the hole. The problem
was posed and solved by Bhaskaran and Berkooz [8] using a
sensitivity equationmethod, but details of the sensitivity calculations
were not included in the paper.

For the first example, consider an infinite platewith a circular hole,
a� b� 1

4
subject to a uniaxial load in the x direction, ��2

�
�1 � 10. By virtue of biaxial symmetry, only a quadrant of the
domain is needed for the computational domain (boundary
conditions are given in Table 2). To obtain LSFEM results that can be
compared with the analytic solution, the analytic normal and
tangential stress distribution on boundaries�2 and �3 are imposed as
boundary conditions (take lx � ly � 4a� 1). The analytic displace-
ment and stress solutions for a circular hole are [26]

u�r; 	� � �1a
8G

�
r

a
�
� 1� cos 	� 2

a

r
��1� 
� cos 	� cos 3	�

� 2
a3

r3
cos 3	

�
(44)

v�r; 	� � �1a
8G

�
r

a
�
 � 3� sin 	� 2

a

r
��1 � 
� sin 	� sin 3	�

� 2
a3

r3
sin 3	

�
(45)

�xx�r; 	� � �1
�
1 � a

2

r2

�
3

2
cos 2	� cos 4	

�
� 3

2

a4

r4
cos 4	

�
(46)

�yy�r; 	� � �1
�
� a

2

r2

�
1

2
cos 2	 � cos 4	

�
� 3

2

a4

r4
cos 4	

�
(47)

�xy�r; 	� � �1
�
� a

2

r2

�
1

2
sin 2	� sin 4	

�
� 3

2

a4

r4
sin 4	

�
(48)

where 
� �3 � ��=�1� �� and the modulus of rigidity, G�
E=�2�1� ���.We take Poisson’s ratio, �� 1

3
, and nondimensionalize

the equations so that E� 1. Analytic sensitivities for the hole radius
are readily obtained by differentiating Eqs. (44–48) with respect to a.
The analytic sensitivities are

σ∞ x

y

1Γ

2Γ

5Γ

4Γ

3Γ

xl

yl

3
σ Γ

2
σ Γ

B

A

b
a

Fig. 4 Plate with an elliptical hole.

Table 2 Boundary conditions for plate

with a circular hole

Boundary Boundary condition

�1 v� 0, �xy � 0 plate symmetry
�2 �xx and �xy analytic solution
�3 �yy and �xy analytic solution
�4 u� 0, �xy � 0 plate symmetry
�5 �n � 0, �� � 0 stress free hole
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u;a �
�1
8G

�
4
a

r
��1� 
� cos 	� cos 3	� � 8

a3

r3
cos 3	

�
(49)

v;a �
�1
8G

�
4
a

r
��1 � 
� sin 	� sin 3	� � 8

a3

r3
sin 3	

�
(50)

�xx;a � �1
�
� a
r2
�3 cos 2	� 2 cos 4	� � 6

a3

r4
cos 4	

�
(51)

�yy;a � �1
�
� a
r2
�cos 2	 � 2 cos 4	� � 6

a3

r4
cos 4	

�
(52)

�xy;a � �1
�
� a
r2
�sin 2	� 2 sin 4	� � 6

a3

r4
sin 4	

�
(53)

The LSFEM solution for an 18-element mesh with eighth-order
polynomials (p� 8) is given in Fig. 5. The 18-element mesh is a
convenient, moderately coarse mesh that demonstrates the value of
the high-order p elements used in the solution. Convergence studies
(h refinement vs p refinement) were accomplished but are not
included in this paper since they did not contribute the to primary
interest of sensitivity analysis. The solution along the hole, �5, is
compared with the analytic solution in Fig. 6. One of the advantages
of an LSFEMapproach is that the solution permits a readily available
error estimate in the form of the residual Eq. (31). Both the residual
and the error norm are on the order of 10�4 for this relatively coarse
mesh andmoderatepvalue. The peak normal stress at the apex of the
hole is 30 leading to a stress-concentration factor of three, which
matches the result obtained from strength of materials [32].

Since the elasticity equations are linear, the LS-CSE first-order
matrix operators are identical to the elasticity system operators in
Eq. (43). The boundary conditions at the hole remain the same (stress
free) regardless of hole radius; thus, the total material derivative of
radial and shear along the hole is zero. Therefore, the CSE boundary
conditions along the hole are determined only by the convection term
in Eq. (15). Taking the hole radius a as the shape parameter, the �1,
�4, and�5 boundaries changewith the hole. The hole coordinates are
easily parameterized in polar coordinates as

X�5
� f� a 	 �Tg�r	� (54)

so that

X�5;a
� f� 1 0 �Tg�r	� (55)

Similarly, in Cartesian coordinates,

X�1
�
��
b 1 � � � c

�
a
1

�
0

�
T
����� 2 �0; 1�

�
�xy�

(56)

X�4
�
��

0 b 1 � � � c
�
b
1

��
T
����� 2 �0; 1�

�
�xy�

(57)

Then, for a circular hole with a� b,

X�1;a
� f� 1 � � 0 �T j� 2 �0; 1�g�xy� (58)

X�4;a
� f� 0 1 � � �T j� 2 �0; 1�g�xy� (59)

Now, differentiating the boundary conditions along �1 and �4 and
evaluating the convection term with Eqs. (58) and (59) yields the
CSE boundary conditions for the �1 and �4 boundaries:(

av���
a�xy���

)
�1

�
Df v �xy gT�1

Da
�
(
rv
r�xy

)
	
@X�1

@a
� 0

�
(
�1 � ��v;x
�1 � ���xy;x

)
�2�0;1�

� 0 (60)

(
au���
a�xy���

)
�4

�
Df u �xy gT�4

Da
�
(
ru
r�xy

)
	
@X�4

@a
� 0

�
(
�1 � ��u;y
�1 � ���xy;y

)
�2�0;1�

� 0 (61)

For �5, the gradients in the convection term must be calculated from
the gradients of the LSFEM solution and are not available by
inspection as they are for �1 and �4. The �5 CSE boundary
conditions are

Fig. 5 LSFEM solution (p� 8) for displacements �u; v�, stresses ��x; �y; �xy�, and residual error norm of a quarter plate with a circular hole subject to a

normal-x stress value of 10.
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� a�rr
a�r	

�
�5

�
Df �rr �r	 gT�5

Da
� r�r	�

�
�rr

�r	

�

	 @
@a
fX�5
g�r	� �

���rr;r
��r	;r

�
(62)

where it should be noted that the gradient operator and boundary set
definition must be expressed in the same coordinate system. The
radial, shear, and tangential stress components along the hole are
given by

�rr �r	
�	r �		

� �
� cos 	 sin 	
� sin 	 cos 	

� �
�xx �xy
�yx �yy

� �
cos 	 � sin 	
sin 	 cos 	

� �
(63)

Using this coordinate transformation and the polar coordinate
gradient operator

r�r	� �
�
@
@r

1
r
@
@	

	
(64)

the radial gradients of the normal and shear stress components are

�rr;r � �xx;rcos2�	� � �yy;rsin2�	� � 2�xy;r sin�	� cos�	� (65)

�r	;r ����xx;r � �yy;r� sin 	 cos 	� �xy;r�cos2	 � sin2	� (66)

Expressing the radial gradient through the chain rule

d

dr
�	� � @�	�

@x

@x

@r
� @�	�
@y

@y

@r

and noting that x;r � cos 	 and y;r � sin 	 yields the final radial and
tangential stress CSE boundary conditions in terms of Cartesian
components,

a�rr ���rr;r ����xx;x cos 	� �xx;y sin 	�cos2	
� ��yy;x cos 	� �yy;y sin 	�sin2	� 	 	 	
� 2��xy;x cos 	� �xy;y sin 	� cos 	 sin 	 (67)

a�r	 ���r	;r � ���xx;x � �yy;x� cos 	
� ��xx;y � �yy;y� sin 	� cos 	 sin 	� 	 	 	
� ��xy;x cos 	� �xy;y sin 	��cos2	 � sin2	� (68)

The spatial derivatives of the Cartesian stress components required in
Eqs. (67) and (68) come from the gradients of the shape functions of
the LSFEM solution. The analytic and LSFEM-derived boundary
conditions for the hole in the CSE problem are compared in Fig. 7.
Note that, by using higher-orderp elements, the sensitivity boundary

condition accuracy can be improved by increasing the p value used
for underlying elasticity problem.

The LS-CSE solution for the same 18-element mesh (p� 8) is
given in Fig. 8. The local sensitivity solution for tangential stress
along the hole is compared with the analytic solution in Fig. 9. The
finite difference sensitivity and the total sensitivity calculated from
the LS-CSE solution are also plotted in Fig. 9. The tangential stress
along the hole of an infinite plate does not depend on the hole radius,
so the total sensitivity of the tangential stress at material points on the
hole boundary is zero, as expected.

Figure 10 plots the p convergence for both the elasticity and
sensitivity problems as well as the convergence of the maximum
stress within the plate normalized by the loading stress. Note that the
stress concentration asymptotically approaches the theoretical stress-
concentration factor of three. The residual and the error norm for the
p� 8 sensitivity solution given in Figs. 8 and 9 are both on the order
of 10�2; two orders of magnitude greater than the original LSFEM
problem at the same p value. A polynomial order of 11 yields the
equivalent 10�4 error for the LS-CSE problem, as compared with the
original LSFEM residual at p� 8. CSE systems typically have
steeper gradients in the vicinity of a boundary subject to shape
variation than the original problem and often require a higherp value
(or finer mesh) than the original system, a result previously observed
[10,34]. It is convenient to use the same mesh for both the original
system and the sensitivity system and to obtain the more refined
solution through higher-order p elements. This is a distinct
advantage of higher-order FEM, sincep refinement allows a straight-
forward means to achieve a refined solution without needing a
refined mesh.

VI. Shape Optimization of a Biaxially Loaded
Plate with a Hole

Bhaskaran and Berkooz [8] posed a shape optimization problem
based on the plate with a hole, which seeks the optimum dimensions
of an elliptical hole to obtain a uniform distribution of the tangential
stress along the hole. Banichuk [35] previously offered an elegant
proof that the shape that minimizes the stress in the infinite plate is an
ellipse, but the current interest is in the application of CSE to solve
the finite plate shape optimization problem. The semimajor axis of
the ellipse is constrained to be onefifth of the edge of the square plate,
and the semiminor axis is taken as the design parameter. The applied
loads are �xx � 1 MPa and �yy � 0:75 MPa. The objective function
to be minimized is

J�
Z
�5

��		 � ��		�2 dE (69)

where E is the eccentric anomaly of the elliptical hole and the mean
tangential stress along the hole is

�� 		 �
2

�

Z
�=2

0

�		 dE (70)

Fig. 6 Comparison of LSFEM and analytic solution along the hole

(p� 8).

Fig. 7 Comparison of analytic and LSFEM-derived sensitivity

boundary conditions.
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Bhaskaran and Berkooz [8] posed the objective function as an
integral over arc length. Evaluating the objective function in Eq. (69)
with respect to eccentric anomaly instead of arc length is equivalent
to Bhaskaran and Berkooz [8] but is simpler to implement, since the

sensitivity of the arc length (which is a function of semiminor axis of
the ellipse) does not have to be calculated. The only boundaries
defined in Fig. 4 that depend on the semiminor axis are �4 and �5.
The first is parameterized by Eq. (57), and �5 is given (in Cartesian
coordinates) by

X�5
� f� a cosE b sinE �Tg (71)

so that

X�5 ;b � f� 0 sinE �Tg (72)

The objective functional material derivative with respect to the
semiminor axis is

D bJ� 2

Z
�5

��		 � ��		��Db�		 � Db ��		� dE (73)

where, for the parameterization given by Eq. (71),

D b�		 � b�		 � sinE�		;y (74)

D b ��		 �
2

�

Z
�=2

0

b�		 dE�
2

�

Z
�=2

0

sinE�		;y dE (75)

Fig. 8 LS-CSE solution (p� 8) and residual error norm for the sensitivity of field variables to hole radius a for a quarter plate with a circular hole.

Fig. 9 Comparison of analytic, finite difference, and LS-CSE solutions

along the hole boundary for tangential stress sensitivity to hole radius a.
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Fig. 11 Tangential stress optimization convergence to uniform value

( ���� � 1:797) as a function of eccentric anomaly (E) and objective

function value as a function of semiminor axis (b).
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The tangential stress sensitivity b�		 is determined from the solution
to the LS-CSE system. The CSE problem has homogenous boundary
conditions on every boundary, except �5, which are given by

�
b�rr
b�r	

�
� 0 � r

�
�rr
�r	

�
	
�

0

sinE

�
�
�
��rr;y sinE
��r	;y sinE

�
(76)

The analytic stress-concentration factors for an infinite biaxially
loaded plate are based on the maximum normal stresses �A and
�B [32]:

KtA �
�A
��2

�
��3

��2

�
1� 2

b=a

�
� 1 (77)

KtB �
�B
��2

� 1� 2b

a
�
��3

��2

(78)

where the points A and B are the apex and shoulder points indicated
in Fig. 4. Equating the stress concentration at these two points yields
the desired uniform tangential stress around the ellipse and requires
that

b

a
�
��3

��2

(79)

which yields an optimum semiminor axis of 0.75 for the given
loading. For an infinite plate, this yields a uniform stress-
concentration value of 1.75 around the hole. Various finite width
corrections [32] for semi-infinite plates under uniaxial loading yield
approximate values 3% higher for stress concentrations for hole-to-
edge ratios of 0.2. This implies a uniform tangential stress of 1.8MPa
for the present case, which is very close to the 1.797 MPa result
obtained from the simple line-search optimization based on the LS-
CSE objective gradient of Eq. (73). The convergence history for
the tangential stress is plotted in Fig. 11 along with values of the
objective function as a function of the eccentric anomaly along the
hole. Values of the objective function and the total objective function
gradient are also summarized in Table 3. Note also that the residual
error of 10�3 is comparable to the accuracy obtained in achieving a
uniform stress distribution. This highlights that advantage of the
built-in error estimate of the LSFEM approach.

VII. Conclusions

ALS formulation for solving the first-order CSEs for shape design
optimization problems was developed. Because of commutativity of
the local derivative and the simpler sensitivity boundary conditions,
it is generallymore convenient to pose and solve the local form of the
sensitivity equations for shape variation problems, but the solution
depends on the boundary parameterization and is not unique.
However, it is straightforward to convert the local CSE solution to a
total derivative solution. Optimization is typically performed with
respect to material coordinates, particularly for structural elasticity
problems, thus the total derivative sensitivity is generally desired.
Although the local CSE solution is not unique, the total sensitivity,
which is given at material coordinates, is unique. The advantage of
expressing the CSE system in local-derivative form is that only the
boundary parameterization needs be described, which avoids having
to define a parameterization or transformation function for the entire
domain. The boundary parameterization method adopted here is also
simpler than some previous results that appear in the literature,
because the sensitivity is only needed on the boundary to define the

continuous sensitivity boundary-value problem. Moreover, the
choice of boundary coordinate adopted here simplified the stress
sensitivity boundary conditions such that they were expressed in
terms of the stress vector rather than components of the stress tensor.
The first-order formulation of the elasticity and the CSE system also
avoids the accuracy problems associated with determining the
higher-order derivatives for Neumann-type sensitivity boundary
conditions.

In the present work, the continuous sensitivity system was solved
using the same high-order LSFEM that was used to solve the
underlying elasticity problem. The LSFEM approach is attractive in
that it allows a stable first-order form for elasticity, a better
approximation of stress gradients compared with the weak-form
Galerkin displacement formulations, an inherent error estimate, and
flexibility in norm choice. The improved accuracy of the stress
gradients inherent in the first-order mixed formulation of the
elasticity system is particularly important, since the gradients of the
underlying elasticity solution are used to pose the boundary
conditions for the sensitivity system. The higher-order p element
implementation also permitted a straightforward means to achieve a
refined solution without needing a refined mesh. Thus, both the
structural and sensitivity systems can be easily solved to any desired
level of convergence using a single computational mesh. This is
particularly important since, as observed in the literature, the CSE
solution often requires different resolution than the original system.

Overall, the LS continuous sensitivity method is a good option for
the optimization of structural elasticity problems. There is no need to
determine the proper step size as in finite difference methods: a
requirement that can become problematic in multivariate optimi-
zation problems. Additionally, since the CSEs are always linear,
there is a potential computational savings in not having to calculate
multiple solutions to the underlying nonlinear system, as is required
for finite difference approaches. Furthermore, finite difference
methods can only yield the total derivative, whereas the continuous
sensitivity method yields both local and total derivatives. The
continuous sensitivity approach has the advantage over discrete
sensitivity methods of not having to invert the mesh Jacobian for
shapevariation problems inwhich the domain (and hence the discrete
mesh) is changed. This can also result in significant computational
savings for the LS-CSE approach compared with discrete sensitivity
methods.
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